This paper presents feasible experimental schemes to realize controlled teleportation protocols via photonic Faraday rotations in low-Q cavities. The schemes deal with controlled teleportation of superposition states and two-particle entanglement of atomic states. The information is encoded in three-level atoms in a lambda configuration trapped inside coupled cavities by optical fibers. Also, we estimate the success probability and the current feasibility of the schemes.
II. THEORETICAL MODEL
The Hamiltonian that describes the system of a three-level atom ( Fig. 1) interacting with a single mode of a low-Q cavity is given by [44] 
with
and
where λ is the atom-field coupling constant, a † j (a j ) is the creation (annihilation) operator of the field-mode into the cavity with j = L, R, ω 0 (ω c ) is the atomic (field) frequency, and σ L− and σ L+ (σ R− and σ R+ ) are the lowering and raising operators of the transition L (R), respectively. The L and R transitions are shown in Fig. 1 . H R0 is the Hamiltonian of the free reservoirs, such that, the field and atomic reservoirs are given by H Rc = ∞ −∞ dωωb † j b j and H RA = ∞ −∞ dωωc † j c j (j=L,R), respectively. The reservoirs couple with field and atomic systems independently, at different values of frequency ω, with coupling amplitudes α = κ/2π and α = γ/2π, respectively. κ and γ are the cavity-field and atomic damping rates, b j and c j (b † j and c † j ) are the annihilation (creation) operators of the reservoirs.
Next, due to the fact of the presence of a pumping field into the cavity by a optical fiber one can change, in a convenient way, to a rotating frame with respect the pumping field frequency ω p using the following transformation:
where U = exp{−i j=L,R [ω p (a † j a j + b † j b j + c † j c j ) + ωp 2 σ jz ]}. In this point, using the Heisenberg equations for the operators a j and σ j− (consequently for a † j and σ j+ ), with j=L, R, one can geṫ a j (t) = −[i(ω c − ω p ) + κ 2 ]a j (t) − λσ j− (t) − √ κa in,j (t),
σ j− (t) = −[i(ω 0 − ω p ) + γ 2 ]σ j− (t) − λσ jz (t)a j (t) + √ γσ z (t)b in,j (t).
The relation between the input and output fields reads a out,j (t) = a in,j (t) + √ κa j , j =L,R. Here we work with a reservoir at zero temperature such that b in,j ≃ 0. Now, an adiabatic approximation on the above evolution equations lead us in a single relation between the input and output field states in the form [12, 42] 
where r(ω p ) ≡ a out,j (t)/a in,j (t) is the reflection coefficient of the atom-cavity system. On the other hand, considering the case of λ = 0 and an empty cavity we have [44] r 0 (ω p ) = i(ω c − ω p ) − 
According to [12, 42] the transitions |e ↔ |0 and |e ↔ |1 are due to the coupling to two degenerate cavity modes a L and a R with left (L) and right (R) circular polarization, respectively. For the atom initially prepared in |0 , the transition |0 → |e will occur only if the L circularly polarized single-photon pulse |L enters the cavity. Hence Eq. (7) leads the input pulse to the output one as |Ψ out L = r(ω p )|L ≈ e iφ |L with φ the corresponding phase shift being determined by the parameter values. Note that an input R circularly polarized single-photon pulse |R would only sense the empty cavity; as a consequence the corresponding output governed by Eq. (8) is |Ψ out R = r 0 (ω p )|R = e iφ0 |R with φ 0 a phase shift different from φ. Therefore, for an input linearly polarized photon pulse
(|L + |R ), the output pulse is
This also implies that the polarization direction of the reflected photon rotates an angle Θ − F = (φ 0 − φ)/2 with respect to that of the input one, called Faraday rotation [43] . If the atom is initially prepared in |1 , then only the R circularly polarized photon could sense the atom, whereas the L circularly polarized photon only interacts with the empty cavity. So we have,
where the Faraday rotation is Θ
III. CONTROLLED TELEPORTATION
In this Section we present three cases of CT. Firstly we will consider CT of superposition states. Secondly, we present CPT of entangled states and finally we present CT of entangled states.
A. Superposition states
Here, we consider the CT of superposition states with one, two, or more controls. i) One control: in this scheme we deal with three atoms each one trapped inside three low-Q cavities (A, B, and C), respectively. The atoms are previously prepared in specific states, such that,
, |ψ C = α|0 C + β|1 C , where α and β are unknown coefficients that obey |α| 2 + |β| 2 = 1, and the subindex represents the atom trapped in the cavity. Also, we consider a linearly polarized photon in the state |ψ p = 1 √ 2 (|L + |R ), where |L (|R ) represents the state with left (right) direction of polarization. The experimental scheme is displayed in Fig. 2 .
The nonlocal channel is created after the interaction of the photon with the atom trapped inside the cavity A. Due to the low quality of the cavity the photon is lost, escaping through an optical fiber directed to the cavity B. This interaction causes a Faraday rotation in the photonic state (see Eqs. (9) and (10)) leading the entire atom-photon state to
where the phases φ and φ 0 are obtained by the reflection coefficients in Eqs. (7) and (8) .
After the photon has interacted with the atom trapped inside the cavity B and considering the adjustments ω p = ω c − κ/2, g = κ/2 and ω 0 = ω c (consisting in φ = π and φ 0 = π/2), we have FIG. 2. Scheme for teleporting the superposed atomic state C using one control B. P S stands for the photon source, A, B, and C represent the atoms trapped inside the corresponding cavities. QW P 1 and P D are quarter wave plate and polarization photodetector, respectively.
In the following, the photon interacts with the atom trapped inside the cavity C leading the whole state as
Next, the photon goes through a quarter wave plate (QWP1 in Fig. 2 ), suffering a rotation in the polarization state (Hadamard operation) such that
Besides, including a Hadamard operation in the state of the atom C, the system evolves to
Then, by measuring the photon polarization state plus the state of the atoms trapped inside the cavities B and C it is possible the reconstruction of the teleported state via appropriated atomic rotations, as summarized in (|0 B1 + |1 B1 ) while the others are as before.
The experimental setup is displayed in Fig. 3 . After the photon to interact with the atoms trapped inside cavities A and B, respectively, using the same adjustments considered in the previous Section, the state of the system results as that in Eq. (12) . The next step consists in the interaction of the photon, outgoing the cavity B, with the atom trapped in the cavity B 1 . So, after the photonic Faraday rotation the state of the system is given by
Then, this photon is left to interact with the atom trapped inside the cavity C, in a way such that the whole state of the system takes the form
Next, the photon that leaves the cavity C crosses a quarter wave plate (QW P 2 in Fig. 3 ) and its state results in
A Hadamard operation in the atomic state of the C, we have
The appropriate operations influenced by the measurement on the control systems for the teleported state are summarized in the Table II. iii) Generalization: A procedure to generalize the number of controls in the scheme of controlled teleportation of superposition states can be done by the adding of atoms trapped in additional cavities and using specific quarter wave plates after the last cavity. In this way, if the number of controls is odd, a QWP1 is required with rotations given by Eqs. (14a) and (14b) is necessary; if the control number is even one request a QWP2 with the rotations given by Eqs. (18a) and (18b). So, with appropriated rotations we can recover the teleported state with the knowledge of the control results.
B. Controlled partial teleportation of entangled states
In our scheme for CPT [41] , an entangled state of particle A, given to Alice, and particle B, given to Bob, is to be partially teleported. Meanwhile, a quantum channel composed by an entanglement of three particles is shared by Alice ( TABLE II . Possible results and rotations to complete the controlled teleportation procedure for the case ii). The first column shows the possible results of measurements on the atom C and photon F states. Second and third columns do the same for the two control states (CS) and for the teleported (T R). Fourth column shows the corresponding Pauli matrices representing unitary operations on the atomic state (AO) required to complete the teleportation process. 3 . Schematic representation to teleport a superposed atomic state with two controls. P S is the photon source, A, B, B1, and C represents the atoms trapped in the cavities, QW P 2 is a quarter wave plate, and P D is the photodetector of polarization.
and a third part, say Chris ( C). If Alice performs a Bell measurement on the states of particle A and A ′ , and Chris performs a measurement on the state of particle C, then when both inform Bob their results, the following interesting result emerges, after the usual rotation performed by Bob: particle B ′ takes exactly the role of particle A in the previous entanglement shared by Alice and Bob. As the entanglement between the particles A and B is broken and a new entanglement between the particles B and B ′ is created in a different place, depending on the collaboration of both Alice and Chris, this characterizes a controlled partial teleportation.
Next, we describe some schemes for CPT with different number of controls taking into account the low Q cavities scenario combined with Faraday rotations. i) One control: To perform CPT, four cavities are required as displayed in Fig. 4 . Cavities A and B are previously prepared in the superposed states while the cavities C and D are previously prepared in the entangled state that we want to teleport, given by
Here we will follow the same procedure of the CT-schemes used in 3.1: the photon, previously prepared in a superposed polarization state, enters in the cavity A and interacts with the atom. Next, this photon is sent to interact with the atom trapped in the cavity B. After that, the photon interacts with the atom C in the presence of the same Faraday rotation discussed in Section A. Before the Faraday rotations, the state of the system is written as
After the Faraday rotation in the atom in cavity C as well as in the photon state through the QWP1, the state in Eq. 21 goes to 00 00 00 00 
Schematic representation for partial teleportation of entangled atomic states with one control. P S stands for the photon source, A, B, C, and D represents the atoms trapped inside the cavities, QW P 1 stands for a quarter wave plate, and P D is the photodetector of polarization.
. Possible results and rotations to complete the controlled partial teleportation procedure for the case i). The first column shows the possible results of measurements on the atom C and photon F states. Second and third columns do the same for the control state (CS) and for the teleported state (T R). Fourth column shows the corresponding Pauli matrices representing unitary operations upon the atomic state (AO) required to complete the teleportation process.
Then, the controlled teleportation is concluded after the operations described in the Table III. Note that the knowledge of the atom state controlling the teleportation is essential to complete the process.
ii) Two controls: Now, we will describe CPT of entangled states using two controls. This scheme is similar to that using one control as shown above. Let B 1 be the new control as shown in Fig. 5 . The atoms C and D share a previously prepared entangled state to be teleported, while B and B 1 are the two controls. At the end of this scheme for CPT the partner C of the entangled state composed by C and D will be teleported to A, with A and D becoming the entangled state. To better explaining the procedure we take advantage of the previous scheme in Subsection ii). Assume the atoms C and D in the state given by Eq. (20) . The photon, previously prepared in a superposed polarization state, enters the cavity A and interacts with the atom. Next, the photon is sent to interact with the atoms trapped in the cavity B and B 1 , respectively. After interacting with the atom in cavity C, a Hadamard 00 00 00 00 00 11  11  11  11  11   00  00  00  11  11  11  000  000  000  111  111  111  00  00  00  11  11  11   00  00  00  00   11  11  11  11   000  000  000  111  111  111   00  00  00  00  00   11  11  11  11  11   000  000  000  000   111  111  111 operation is applied to the atom C and the photon passes through a QWP2. Thus,
To conclude the controlled partial teleportation of entangled states it is necessary a measurement in the state of the photon and the atom trapped in cavity C. Moreover, the state of the controls B and B 1 must be known by Bob. To recover a successful teleportation Bob also needs to perform the rotations given by Table IV. iii) Generalization: To generalize the number of controls in thescheme one can insert the QWP after the last control as follows: QWP 1 for odd controls and QWP 2 for even controls.
C. Controlled teleportation of entangled states
Here we present a scheme for controlled teleportation (CT) of entangled atomic states. The difference between the present scheme and that in Subsection B above, is that now the teleportation is total, i.e., the teleportation scheme works for the whole entanglements of two or more particles. In this scheme the state of one of two entangled atom is rightly teleported by another atom while the atomic state remaining is teleported aided by controls. Fig. 5 displays the scheme of the CPT of entangled states, which is detailed below. i) One control: in this case we deal with two photons 1 and 2 that enters into the cavities D and A, respectively. As shown in Fig. 6 , a QWP is placed after the cavity E. The atom trapped inside the cavity B plays the role of control while the trapped atoms trapped inside the cavities C and E share the entangled state given by
The other atoms and photons of the scheme are all previously prepared in a superposition of |0 and |1 or |L and |R , respectively. The scheme also requires a QWP 1 after the cavity C. Firstly we consider the photon in the inferior branch of Fig. 6 . It crosses the cavities A, B and C, with the same phase. At this FIG. 6. Schematic representation for controlled teleportation of entangled atomic states with two controls. P S is for photon source, A, B, C, D, and E represent the atoms trapped in the cavities, QW P 1 and QW P 2 are for quarter wave plates, and P D represents the polarization photodetector. F 1 and F 2 are for the two photonic channels.
point, the system can be written as
Now, if we consider the superior branch, the photon F1 passes through the cavities D and E, respectively. Inserting this fact in the last equation, we have
After, the photons F1 and F2 suffer a Hadamard operation by the plates QWP2 and QWP1, respectively. Besides, other Hadamard operations in the atoms E and C lead the system to (27) At this time the measurement can be concluded with a single measurement in the state of the photons 1 and 2 as well as those of the atoms C and E. The teleportation will be finalized after the knowledge of these results plus the results of the atomic state of the control (B). The probable results are summarized in the Table V. ii) Two controls: In this case we consider an additional cavity B 1 with the trapped atom working as the new control of the teleportation procedure. The scheme is illustrated in the Fig. 7 . Note that the upper path is not modified. On the other hand, the Schematic representation for controlled teleportation of entangled atomic states with two controls. P S is for photon sources, A, B, B1, C, D, and E represent the atoms trapped in the cavities, QW P 2 is for the two identical quarter wave plates, and P D is for polarization photodetector. F 1 and F 2 are for the two photonic channels.
state of the subsystem of the lower branch, after the interaction of the photon 2 with the atoms trapped in the cavities A, B, B 1 , and C, respectively, is given by
Now, after the photon F1 has interacted with D and E, the state of the system can be written as
Next, considering the plate QWP2 for F1 and F2, plus a Hadamard operations upon C and E, we obtain
To conclude the controlled teleportation of entangled states one needs to measure of the two states of polarization of the photons F1 and F2 plus the control measurements (B and B 1 ). The required appropriate rotations are displayed in Table VI .
I ⊗ I |R0 2C |L0 1E |11 BB 1 α|10 AD + β|01 AD σx ⊗ σx |R0 2C |L1 1E |11 BB 1 α|10 AD − β|01 AD σzσx ⊗ σx |R1 2C |L0 1E |11 BB 1 α|10 AD − β|01 AD σzσx ⊗ σx |R1 2C |L1 1E |11 BB 1 α|10 AD + β|01 AD σx ⊗ σx |R0 2C |R0 1E |11 BB 1 α|11 AD − β|00 AD σzσx ⊗ I |R0 2C |R1 1E |11 BB 1 α|11 AD + β|00 AD σx ⊗ I |R1 2C |R0 1E |11 BB 1 α|11 AD + β|00 AD σx ⊗ I |R1 2C |R1 1E |11 BB 1 α|11 AD − β|00 AD σzσx ⊗ I TABLE VI. Possible results and rotations for completing the controlled teleportation with two controls, corresponding to case ii). The first column (2C) shows the possible results of measurements on the states of atom C and photon 2. Second column refers to the Alice's possible results of measurements on photon 1 and atom E. Column Control shows the state of controls B and B1. AD column does the same for the teleported state AD. Fourth column (AO) shows the corresponding Pauli matrices representing unitary operations on the atomic state required to complete the teleportation process.
iii) Generalization: the generalization of the controlled teleportation of entangled states can be done by using either a QWP 1 or a QWP 2 in the lower branch (see Fig. 7 ) when the scheme is implemented using odd or even number of controls, respectively.
IV. CONCLUSIONS
In summary we presented three schemes to realize controlled teleportation of atomic states via photonic Faraday rotations in lossy optical cavities connected by optical fibers. The schemes only involve virtual excitations of the atoms and considers low-Q cavities, ideal photodetectors, and fibers without absorption. On the other hand, the practical experimental imperfections due to photon loss and inefficiency in the detectors turn the protocol as being probabilistic. In this respect, we can estimate the success probability of the scheme take into account the losses mentioned above, based in Ref. [45] , e.g., considering the coupling and transmission of the photon through the single-mode optical fiber given by T f = 0.2, the transmission of each photon through the other optical components by T o = 0.95, the fraction of photons with the correct polarization p π = 0.5, the quantum efficiency of the single-photon detector as η = 0.15, ∆Ω/4π = 0.02 as the solid angle of light collection, and a single-photon rate by source given by 75kHz. So, we estimate the success probability of the CT of superposition and CPT as P = p Bell × T f × T o × p π × η × ∆Ω/4π ≃ 7.125 × 10 −5 (considering p Bell = 0.25 as the probability of the ideal Bell-state measurement without necessity of additional rotations), which results in one successful controlled teleportation event every ≃ 0.19s. The same estimative is obtained for the preparation of the two atoms entangled state. In the case of TC of entanglement we have two fibers branches, two photon sources and two photodetectors. So, we estimate the success probability as P = p Bell × |T f × T o × p π × η × ∆Ω/4π| 2 ≃ 2.031 × 10 −8 , which results in one successful event every ≃ 11min.
